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Abstract. In this paper, we use the Taylor resolution of a monomial ideal / to compute the 
algebra Tor, (/, k). As an application, we define the simplicial complement P of a simplicial 
complex K and construct a chain complex {A(P), d) to compute the algebra TorJ^'^' (\l(K), k). 
We also give a description of the cohomology of generalized moment-angle complex with respect 
to the homology of the chain complex (A(P),d). 

1. Introduction and statement of results 

The moment-angle complexes have been studied by topologists for many years (c/. [I9] [15]). In 
1990's Davis and Januszkiewicz [8] introduced toric manifolds theory which is studied intensively 
by algebraic geometers. They observed that every quasi-toric manifold is the quotient of a 
moment-angle complex by the free action of a real torus, here the moment-angle complex is 
denoted by Zk corresponding to an abstract simplicial complex K. The topology of Zk is 
complicated and getting more attentions by topologists lately (c/. [11] [M] [4] [18] [10]). Recently 
a lot of work has been done on generalizing the moment-angle complex Zk = Zk{D'^ , S^) to 
pairs of spaces {X,A) {cj. [5], [5], [H], [IS]). In this paper we study the cohomology of the 
generalized moment- angle complexes Zk{X, A) corresponding to the pairs of spaces {X, A) with 
inclusions Ai ^ Xi being homotopic to constant for all i. 

The homology algebra Tor^^^^ ) , k) of the Stanley- Reisner face ring k(iir) of the simplicial 
complex K is the cohomology of Zk {cf. [5], |20|). The usual way of computing this Tor group 
is Hochster formula. But Hochster formula gives no information on the product of the algebra. 
The reason is that the usual Hochster formula is obtained from the tensor product of 'k{K) with 
the Koszul complex, which is the minimal resolution of k. But this chain complex still a module 
over k(iir), the actual computation is quite complicated. In this paper, we use Taylor resolution 
(Definition 2.5) of the simphcial complement P (Definition 2.4) oi K to get a DGA (A(P),d) that 
give a new proof of the Hochster formula and determines the algebra structure of Tor* '''^ (k(iir), k) 
(Theorem 2.6). The advantage of the method is that the DGA algebra (A(P), d) is a vector space 
over k and the product of it directly determines the product of Tor^^^\\i{K), k). This result is 
the special case Theorem 2.2, the Taylor resolution of a monomial ideal. Let P = {ci, (T2, • • • , cr^} 
be a sequence of subsets of [m] = {1, 2, • • • , m}, which is called a simplicial complement in this 
paper. It is easy to see that 

2p = (Xcri , Xcr2 , ' ' ' i ) 

is an ideal generated by square-free monomials. Thus there is an unique simplicial complex Kf 
such that Ikp = 2p. 
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Based on the computation of Tor algebras and the decomposition of T,Zk {X, A) given by 
Bahri, Bendersky, Cohen and Gitler (c/. [21 [3]), we proved in Theorem 3.7 the cohomology 
of the generahzed moment-angle complex 'EZx {X^ A) which is related very much to the group 
Tor^^^\'k{K), k). As applications, we also consider the cohomology of ZxriX, A) for some special 
triples of CVF-complexes {X, A) including all the Xi are contractible; all the Ai are contractible 
and {X,A) = (S'2,5'1). 

Acknowledgements The authors are grateful to Z. Lii for his introduction of this topic. The 
authors are indebted to V. M. Buchstaber for his comments and suggestions, especially for the 
name of definition simplicial complement which is originally called partition. The authors also 
thank S. Gitler for his helpful suggestions. 

2. The homology of systems of generators and the Tor algebra of face ring 

In this paper, [to] = {1, 2, • • • , to} and 21™! is the set of all subsets of [to], k is a field. k[x] is 
the polynomial ring on to indeterminates x = {xi, 2:2, ■• ■ , Xm}- We always regard k[x] as a N™ 
graded algebra over k, where N = {0, 1, 2, • • • }. Precisely, k[x] has a base of monomials expressed 

as 

for every vector a = (ai, • • ■ , a„i) £ N™. For vectors = (a^ 1, • • • , ai_,„) G N™, i = 1, ■ • • , n, the 
least common multiple a = [ai, • ■ • , a„] is the vector (ai, • • ■ , a^) with aj = maxjoi j, • • ■ , flnj} 
for j = 1, ■ ■ ■ , TO. For one monomial a, define [a] = a. 

Definition 2.1 A sequenced' = {ai,a2, • ■ • ,afc} of non-zero vectors ofN"^ (repetition allowed) 
is called a system of generators on [to] and Ip is the ideal o/k[x] generated by x'*^,x'*^, • ■ • , x'*'" , 
i.e., Ip — (x'*^ , x'*^ , • • • , x'*'' ) . Two systems of generators P and Q are equivalent if they generate 
the same ideal o/k[x], i.e., Ip = Iq. 

Definition 2.2 For a system of generators P = {ai,a2,--- ,afc}, the Taylor DGA algebra 
(r(P),(i) over k[x] is defined as follows. Let A(P) be the exterior algebra over k generated by 
P, i.e., it is an algebra with unit 1 generated by ai,--- , a^ with zero relations a^a^ = and 
SLiBLj = ajSLi for all i,j. Then algebra k[x]®A(P) (>S> means the tensor product of algebras over 
kj has a DGA algebra over k[x] structure with differential d defined by da^ — x"*' for all 1 !^ i ^ k 
and the homological degree defined by |aj| = 1 for all 1 ^ i ^ m and \tC^\ = for all x"* G k[x]. 
Then (T(P),d) is a DAG algebra over k[x] such that (k[x](8)A(P), d) is a sub-DGA of {T{¥),d) 
and T(P) is generated by a^^ ... (1 ^ ij ^ k) with zero relations a^^ • • • a^^ — x^^a^j^ ... , where 

By definition, the generators ai^,...,i_. of T(P) satisfies the following properties. 

1) aij^,... = if iu ~ iv for some u ^ v. 

2) , ■ ■ ■ ■ ■ , ■ ■ ■ ,Zs — ■ ■ , ■ ■ ■ . 

Theorem 2.3 For a system of generators P = {ai, a2, • ■ • , SLk], 

HoiT{¥)) = k[x]/Xp, Hs{TiF)) = Oifs>0. 

Thus, (T{¥),d) is a free resolution of the ring k[x]/I]p as an algebra over k[x], i.e., the product 
map ofT{¥) is naturally a chain complex homomorphism (r(P)(g)r(P), {T(V),d) such 

that the induced homology homomorphism is just the product map of the ring k[x]/I]p. 

Proof. We use induction on fc, the number of monomials of P to prove that Hq{T(P)) = k[x]/Ip 
and i?s(T(P)) = if s 9^ 0. 
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By Leibniz formula, d{ai^ • ■ • a* J = ^^=1 ^x"**" a^^ • • • a^^ • • • a;^ , so 

Forget the DGA structure of {T{P),d) and the above formula makes {T{¥),d) a chain complex 
of free modules over k[x] generated by 1 and a^^ ... for all 1 ^ ii < ■ ■ ■ < is ^ k. If the 
system of generators has only 1 monomial, the conclusion is obvious. Suppose the conclusion 
holds for all system of generators with less than k (A:>1) monomials. Then for P = {ai, • • • , a^:}, 
define Pi = {ai, • • • ,ak-i}. From the differential formula we obviously have that {T{Pi),d) is 
a chain subcomplex of {T{¥),d) and the quotient chain complex is isomorphic to (I]T(P2),(i) 
with P2={a']^ = [ai,afe], • • • , a5._]^ = [afe_i , afc]}, where S means uplifting the degree by 1 and the 
isomorphism is defined by corresponding aij,... ,i^_fe in r(P)/r(Pi) to a^^ ... in I]r(P2). By the 
induction hypothesis, Ho{T{Pi)) = k[x]/Ip^, HqIt{¥2)) = k[x]/Ip^ and'i/'/(r(Pi)) = if s > 0. 
So from the long exact sequence of homology groups 

> i/i(T(P2)) ^ i/i(T(Pi)) ^ i7i(r(P)) ^ HoiT{V2)) ^ i^o(r(Pi)) ^ HoiTiV)) -> 

we have that Ho{T{F)) = k[x]/Ip and Hs{T{F)) = if s 7^ 0. Thus, {T{P), d) is a free resolution 
of the ring k[x]/Xp. By Kiinneth Theorem, (T(P)(g)T(P), c?(g)d) is a free resolution of the ring 
k[x]/Ip(g)k[x]/Xp. The DGA structure of {T{¥),d) implies that the correspondence a^b ah 
is a chain complex homomorphism {T{¥)®T{¥')^d®d) — )■ (r(P),d). So we need only prove that 
(T(P),(i) is a well-defined DGA algebra over k[x]. This is in fact natural by the DGA algebra 
structure of (k[x](X)A(P), rf). Precisely, from the formula 

d((a,, •••aij(aj, •••ajj) = (d(a,, •••a,J)(aj, • • • ajJ + (-l)"(a,, • • • a, J (d(aj, • • • a^ J) 

we have that 

di&ii^--- ,is^jl,--- -Jt) 
— -x-[aii.---.aiJ + [ajir--.aifl-[a.i,---,a,^,aj •••,aj ] J/ N 

... n . 1 

a. 



t 



^jl- ■°-]ti L""!' 



^ ^(-l)"-lxK.-.a.J-K,...,S.„,...,a.J^^^^ ^^^^^^^ 

u=l 
t 

u=l 



□ 



For every a £ 2[™1, there is a unique vector {ai, ■ ■ ■ ,ai) G N™ defined by that Oi = 1 if 
i G a and Ui — if i ^ a. In this way, we still denote the vector (ai, • • • , am) by a and regard 
2['"1 as a subset of N™ consisting of all those vectors with every coordinate either or 1. For 
(Ti, • • ■ , a, G 2['»1 C [ai, ■ • • , (T,] = aiU • ■ • Uas. 

By Theorem 1.7 in [17] , there is a bijection between square free ideals and simplicial complexes. 
A monomial ideal generated by x^^^, • • • ,x'^'' is square free if and only if every a^ S 2[™1. So we 
have the following definition. 
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Definition 2.4 A simplicial complement ¥ = {cri, • ■ • ,a"fe} is a system of generators on [m] 
such that every ai G 2[™1 C N™. The unique simplicial complex K with Stanley- Reisner ring 
k[x]/Zp is called the simplicial complex associated to P and P is called the simplicial complement 
of K . The Stanley- Reisner face ring k[x]/2p of K is denoted by ^{K). 

Definition 2.5 Let F = {cti,--- ,ak} be a simplicial complement on [m] of K. The DGA 
algebra (A(P),d) overh is defined as follows. A(P) is generated as an algebra by elements of the 
form CTii A • • • A(Ji^ (A is just a symbol but not a product!) satisfying the following properties. 

1) Ui^f\ - • ■ Aai^ =0 if iu = iv for some u ^ v. 

2) • • ■ iTi„ A • ■ • 7\(Ji^ ■ ■ ■ = CTj^ A • • • AiTi„ • • • , where the omitted part remain unchanged. 

3) (.,,A . . . AaJK A . . . Aa,J = { -nA • • • Aa,Aa,,A • - A., ^S^.= ^forall.,.; 

The differential d satisfies 

d{aij\- • • AcTiJ = V (-l)"(7,iA- • • Aai„A • • • Aaj^, 

where the sum is taken over all u such that (jj^ U • • • Uct^^ U • • • UcTi^ = (7^^ U • • • Udi^ . 

For a G K'^ , let A*' (P) be the submodule of A (P) generated by all (Xii A • • • Adi^ such that 
(7 = (TjiU • ■ • UcTi, . It is obvious that (A ' (P), d) is a chain subcomplex of (A(P), d) such that 

r'"(P)r'"'(P) C I A*'"''"'(P) if ana' = cj)- 
I otherwise. 

Tlieorem 2.6 Let P be a simplicial complement on [m] of K. There is a direct sum decom- 
position 

Tor!^M(k(i^),k) = \i® (®aeKoH,(K*'\F),d)) , 
such that Tor^^'"\k{K),k) = k and for alH > and a G K", 

ror!fM(k(i^),k) = Hi(A*'''{¥),d) = #i_2(link^.a;k) = #l<^l-*-i(i^na; k), 
where k denotes the trivial chain complex. 

Proof By Theorem 2.3, for any module N over k[x], Tor^^''\k(K),'k) = (r(P)(g)k[x] A^, d«)lAr) 
and if is an algebra over k[x], then {T{¥)^^^^N,d($lN) is naturally a DGA with product 
defined by that for all ni,n2 G N, 

(a^i , . . . (g)ni ) (a^-j , . . . ®n2 ) = ai-,,- jt ^x'^m n2 , 

where a = [a^^ , • • • , ai^] + [ajj , • • • , a^J — [a^^ , • • • , a^^ , a^^ , • • • , a^-J. Take A^ = k, the trivial alge- 
bra over k[x] and we have (T(P)(g)k[x]k, d) = {A{F),d), with a^j^... ^i^(g)l denoted by aijA- • ■7\ai^. 

So Tor^^'"\k{K),\c) = H4A{F),d) and the DGA structure of (A(P),d) is induced from the 
product of k. Thus, the direct sum decomposition exists and the isomorphism is an algebra 
isomorphism. The direct proof that Hi{A ' (P),(i) = i?i_2(link/f*CT; k) is too long and we will 
give it in a proceeding paper. □ 

Example 2.7 Compute the algebra Tor^^^\k.{K),k.), where K is as shown in Figure 1. 
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Figure 1 



= {{1, 5}, {2, 4}, {1, 2, 3}, {1, 2, 4}, {1, 2, 5}, {1, 3, 5}, {1,4, 5}, {2, 3, 4}, {2, 4, 5}, {3, 4, 5}}. So 
wc may take P = {ai = {1,5}, a2 = {2,4}, crs = {1,2,3}, 0-4 = {3,4,5}} to be the simplicial 
complement of K. 

We directly compute the chain complex (A(P), d). By definition, all the non-trivial differentials 
are 

rf((TiA(T2A(T3A(T4) = — C72A(T3A(T4 + a-J\(J-iKcri — (TiA(T2A(T4 + (TiA(T2 A(T3 ; 

^((71 AfT3A0"4) = — fT3A0'4; 
(i((72Al73A(74) = — 173A174. 

Thus the Tor*''''(k(ii'), k) is a vector space over k with a base 

(TiAcr2 

_ _ lTlAc73 
(T1A0-2A0-4 -T- 0-2 1 . 

aiAa2Aa3 _ CT3 
(72 Ads 

(72 A (74 

Thus, Tor^[''l(k(is:),k) is a free k-module with Poincare series l+4x+5a;'^ + 2a;^. The algebraic 
structure of Tm\^"^\\L{K), k) is very easy by the product of A(P). The only non-trivial product 

is (Jia2 = criA(T2. 

This example shows the advantage of the chain complex (A(P),d). Usually, the computation 
of Tor*(k(i4r), k) is by Hochster formula, since the Koszul complex tensor with k(ii') is still a 
module over k(Jsr) and the direct computation the complex is formidable. But in this example, 
we may directly compute the DGA algebra (A(P),rf) without using Hochster formula. 

Definition 2.8 LefW = {<Ti,a2, • ■ • ,<Ts} be a simplicial complement on [m] of K. Forco C [m], 
the CO -compression o/P is defined by 



EojV = {cri\w, cr2\w, • • • , as\uj}. 



For an arbitrary simplex to G K, define its link and star to be the subcomplexes 

star^w = {t G K\ wUr € K}, link^fw = {t € K\ wUr G K, wflr = </>}= star^fw n ([m]\w). 

Theorem 2.9 Let P be a sim,plicial complement of the simplicial complex K . Then for any 
ijj C [m], -EujP is the simplicial complement of the simplicial complex star if w. Thus for any 
a e starifW and i > 0, 

Hi,„{K*'\E^¥),d) = TorJ;M(k(starifa;),k), 
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and 

Proof. We may suppose P — {K^}, the set of non- faces of K (in any order). Then 

(starifw)'^ = {r | wUt ^ iiT} = {ctV I ^ £ -f'^^} = -E'^.^IP- 

So by Theorem 2.6 and Hochster formula iJ,^zj(A*'"(i;„P), d) = /^"-'"'-^-^(starKwnw, k) = 
^rn-\u^\-q-i (linkif a; , k) , where uj=[m]\oj. □ 

3. The cohomology of generalized moment-angle complexes 

In this section we consider the cohomology module of the generalized moment-angle complex. 
Recah from [2] [3], 

Definition 3.1 Let {X,A) = {{Xi, Ai,Xi)\i £ [m]} he a set of pointed CW -pairs {Xi^ Ai^Xi) 
({Ai,Xi) is a pointed CW-subcomplex of {Xi, Xi)) and K be an abstract simplicial complex. The 
generalized moment-angle complex determined by {X,A) and K denoted by Zk{X,A) is defined 
as follows. For every uj € K, let D{ijj) = Y1XI2X ' • ' x^mj where Yi ^ Xi if i Cz uj and Yi = Ai 
if i ^ to. Then the generalized moment-angle complex is 

Zk{X,A)= U D{lo). 
Let Y1AI2A • • ■ AYm be the smash product given by the quotient space 

X • • • ^Yra/S{Yi-KY2 X • • ■ xY^) 

where S'(Yixl2X • • • xy,„) is the subspace of the product with at least one coordinate given by the 
base-point Xi ^ Yi. The generalized smash moment-angle complex is defined to be the image of 
Zk{X,A) in XiAX2A---AX„i, i.e., 

Zk{X,A) = U 5(c^), 
uieK 

where D{uj) — Y1AY2A ■ ■ ■ AY„i with Yi — Xi if i (z uj and Yi = Ai if i ^ lo. 

Given a non-empty subset L — {ii,i2,'-' ,**:} C [m] and a family of pointed pairs {X^A), 
define 

{Xi,Ai)^{{X,^,A^,^)\i,eL} 

which is the subfamily of {X,A) determined by L. It is known from [H [3] that 
(3.2) H : j:{ZK{X,Aj) — I \/ ZKni{Xi,Aj) 

\/C[m] / 

is a natural pointed homotopy equivalence. Precisely, let uj d I and Dj(uj) = Yi-^AYi^A ■ ■ ■ AYi^, 
with Yi. =^ Xi^ if ij G cj and Yi. = Ai. if ij <^ uj. Then 

ZKni{Xi,Ai)= U Di{iu). 

uieKni 
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Associated to a simplicial complex K, there is a partial ordered set {poset) K with point a 
in K corresponding to a simplex a £ K and order given by reverse inclusion of simplices. Thus 
CTi ^ (72 in if and only if CT2 C ai in i^T. Given an lo G K there are further posets given by 

'K<:u ={r e X|r < cj} = {r G ^|a; g r} and 
i^s:^^ e K\t cj} = {t e If |a; C r}. 

Given a poset P, the order complex A(P) is the simplicial complex with vertices given by set 
of points of P and fc-simplices given by ordered {k + l)-tuples (po,pi, • • • ,Pk) with pq < pi < 
■ ■ ■ < pk- It follows that A(if )<0 = is the barycentric subdivision of K. 

Given a simplicial complex K, we use \K\ to denote its geometric realization. The symbol 
\K\ * Y denotes the join of K and Y. If y is a pointed CVK-complex, then \K\ * Y has the 
homotopy type of S|/f| A Y. 

Theorem (Bahri, Bendersky, Cohen and Gitler [21 |3] 2.12) Let K be an abstract 
simplicial complex and K its associated poset. Let {X,A) = {{Xi^ Ai^Xi)\i € [m]} denote m 
choices of connected, pointed pairs of CW -complexes, with the inclusion Ai ^ Xi homotopic to 
constant for all i. Then there is a homotopy equivalence 

Zk{x,a)^ \J |A(Z<„)|*5h. 

uieK 

From (3.2), we see that if Ai ^ Xi are null-homotopic for all i, then 
1:{Zk{X,A)^1:{ y ZKniiXi,Ai) 

\/C[m] 

~E V ( V |A(irrT7<^)|*5/(L.)) . 

\/C[m] \u:eKnI ) ) 

Fix an e i^T, it is easy to see that w £ if n / if and only if w C /. Thus Yi{Zk{X, A) has the 
homotopy type of 

V ( V |A(ifn7<^)|*5,H) I V ( V |A(irn7<^)|*5,H] I 

C[m] VweA'n/ / / \ujeK \u<Zl<Z[m] ) j 



(3.3) - V V S|A(if n/<^)| a5/(o 

\uieK \ujClClm] 

Remark 3.4 If uj is a maximum face of if n / in the sense that uj € K D I but it is not a 



proper subset of any other simplices, then K n /<t^ — {t € K f] L\lo ^ t} = 0. The simplicial 
complex A{K n /<w) = is the empty simplicial complex. Here we use the agreement 

Di{uj) ^Di{uj) and S|{(/)}| A Z)/(a;) =i3/(w). 

Combine with the agreement in Theorem 2.8, k) = k, we have 

H°m{(j)}\,k) and H*m{(j)}\ADi{Lu),k)^H*{Di{uj),k) 
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Consider the reduced cohomology of Zk{X, A), we see from (5.3) that: 

(3.5) H*{Zk{X,A),1,) = ^ I ^*(s|A(FrT7<J|A5,(a;),k) j , 

Furthermore suppose that there is no Tor problem in the Kiinneth formulae for the cohomology 
of I]|A(ii' n /<a,)| A Dj{uj) (For example, take k to be a field or suppose that H*{Xi,\s.) and 
i/*(Aj,k) are free k- modules for all i). Then from 

Dj{,j)=Yi,AYi,A-.-AY,,^(/\xA/\l /\ aA , 

\ieu} J \jei\uj J 



H*{Di{Lo),k) = l(^H*{Xi,k) \ (X) (^ H*{A„k) 
View / 

which is a free k-module, we have 
(3.6) if* (s|A(irTT7«,)| Ai3/(w),k) = H* {j:\A(K7n<^)\,k) H* (^Dj{iv),k 



=H*mA{KnI<^)\,k)^lQ^H*{Xi,k)\ ® H%Aj,k) I . 

Theorem 3.7 Let K be a (abstract) simplicial complex with simplicial complement F and 
{X,A) = {{Xi,Ai,Xi)\i G [m]} a set of pointed CW -complex pairs such that the inclusion A^ 
Xi homotopic to constant for alii. Then the cohomology of Zk{X,A) overk is isomorphic to 

H*{ZK{X,A),k)= ^ 0if,,<,(A*'-(i?^P),d)® [(g)ii*(Xi,k) J ® l<^H*{Aj,k) 
ueK y cr View / \jecr 

as vector spaces over k, where 

F*,<,(A*'^(£;„P),d) ^ Tor^l^\k{starKUj),k) 

subject to a C [m] \ co. 

Proof. Given an w c /, from its definition we see that the posets 



K n ={t G K n I\lo C t} = {t G K\lo C r C /} and 



linkxn/w ={t' E K n U t' e K n I,t' D uj = (j)} 



={t' e K\cj Li t' G K,t' CiLJ = ^, and t' C /} = (linkxa;) n 



There is a one to one correspondence between the poscts ^! : K H /<aj — > (link/^ w) n J^^ given 
by ^'(r) = T \ u. Thus the order complex A{K Ci I<ui) = ((linkifw) fl /)' is the barycentric 
subdivision of (link^u;) fl I and then 

(3.8) i?*(E|A(7r?T7<^)|,k) = #*-i(|A(rnT<^)|,k) = #*-i((link^w)n/,k). 
Since linkj<-w = star^w fl ([m]\u;), we have 

(link^w) n / = star^w fl ([m]\a;) fl / = star^w fl (/\w). 
from Theorem 2.9 and (3.8) we have 

Hgj\^{A*''\'-{E^F),d) =5IA-l-9-i((linkKa;) n7,k) = ^IA-l-9(S|A(:rfT7<„)|, k) 
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From the definition of Ei^F = {c7i\w, a2\a;, ■ • ■ , as\uj}, we see tliat tlie fiomoiogy of tfie sim- 
plicial complement Hq^a{^*'^{Eu^),d) is concentrated in cr C [m]\t<;. For w C / C [m], denote 
a = I\u). Then we have 

Hg^„{A*'^E^¥),d) = 5H-«(I]|A(i^n(aUa;)<„)|,k). 

Apply this formula to (3.6) and (3.5) we get 

iJ*(ZK(X,A),k) = ( H* (j:\AiK n{uU a)^J\ A 5„u<x(w), k) j 

= 0(0 ir«,a(A*''^(£^a,P),d)® (0i?*(Xi,k)j ® I (g)iJ*(A„k) 

where I = coU a ^ (f). 

The theorem follows from {Zk (^, ^) i k) = k and the agreement by taking I = u> = a = (p 
to be the empty set 

ffo,^(A*'^[£;^P],d)g) j(g)i7*(Xi,k) j I (g)#*(A,-,k)] =k. 

□ 

Remark For oj ^ K, the empty set (f> is an element of Ei^F and if*,* (A ' (Sj^P), d) = 0. Thus 
Theorem 3.7 could be written as 

H*{Zk{X, A),k) 

(3-9) =010 H,A^*'\E^¥),d)^ ((g)77*(X„k)J eg j (g)F*(^,-,k) 

we[m] y(7£[m] View / \jeo' 

Corollary 3.10 If all the Ai are contractible, then 



H*{Zk{X,A),1,) = ((g)i?*(X,,k)] 

u>eK View / 



Proof. If all the Aj are contractible then Q^H*{Aj,\i) = for any non-empty set r. The corol- 

lary follows from Ho,^(K*'''' {E^¥), d) = k if w e iiT. □ 
Corollary 3.11 // all the Xi are contractible, then 

H*{ZK{X,A),'k)=^ jif*,,(A*'"(P),d)® I (g)iI*(A„k) 

Furthermore take Xi = D"^ and Ai = for all i, 

H^{ZK,k)=H^\-\-'^{ZK{D\S^),k)= i?,,,(A*'"(P),d), 

2\a\-q=r 

where HgAT'^{¥),d) = Tor^M(k(i<:), k). 
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Proof. If all the Xi are contractible, then Jf*(Xi,k) = for any non-empty set w. The 
corollary follows from 

H*{ZK{X,A),k) = ^H,^^{A*'''[E^F],d) ((g)i?*(X„k) O ( (g) * ( , k) 



1 JGct 



and the agreement H*{Xi, k) = k. 

Proposition 3.12 Lei Xi = S"^ and Ai = 5^ a/Z i. T/ien 



2|a;| + 2|cr| -q = r 



0iJ,,<,(A*'"(i?^P),d) 



T/ie isomorphism is an algebra isomorphism by Theorem 7.6 of [?]. 



Proof. Noticed that I>c^u<7(w) is the 2|w| + |a| sphere if w n cr : 



View / \jecT J 



we see from (3.5) that 



H*{ZK{X,A),k)=^ I 77*(s2H+H+i|A(i^n(a;Ua)<J,k 

ueK \aC[m]\u! 

including oj = a = (f). The result follows from 



□ 



□ 



We finish this paper by giving an example. 

Example 3.13 Let m = 6 and the simplicial complement P = {ai = {1, 2}, a2 = {3, 4}, 0-3 = 
{5, 6}}. The corresponding simplicial complex is a triangulation of the sphere S'^ (see Finger 2) 




Finger 2 



SIMPLICIAL COMPLEMENTS AND MOMENT-ANGLE COMPLEXES 
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The cohomology ring of Zk = Zxip"^ ■, S^) can be easily obtained from the homology of the 
simplicial complement P = {ai = {1, 2}, a2 = {3, 4}, as = {5, 6}} and 

/f.,*(A*'^(P),d)^ A*'*({<7l,a2,(73}). 

Since the algebra A*'*({o-i, (J2, as}) is just the exterior algebra A(cri, (72, crs) over k generated by 
P, so is the cohomology ring H* (Zk , k) . The Poincare series of H* {Zk , k) is 1 + 3x^ + + 
and the total Betti number of Zk is 8. 

Now consider the cohomology of Zk{S^, S^). We start from computing the homology of the 
simplicial complement Ei^^F with co £ K: 

(1) Take uj = (f), the homology of the simplicial complement E^F is A(cri, (72, (T3). Thus the 

graded vector space 

H,,,(A*'^{E^¥), d) = A*'*{{a^,a2, a^}) 

has Poincare series 1 + 3x^ + 3x^ + x^. 

(2) Take oj = {1} (similarly, take any of its 6 0-simplex oj = {i}, i e [6]), the homology of 
the simplicial complement i?{i}P is A*'*[_E{jjP]. Thus the graded vector space 

^H.,,{T"'{E^,yF),d) 

has Poincare series x^{l + x + 2x^ + 2x^ + x^ + x^). 

(3) Take u = {1,3} and similarly any of its 12 1-simplex uj = {11,12}, the homology of the 
corresponding simplicial complement is A ' [E^i^^i^yF). The graded vector space 

0F*,.(r'"(i;{,„,,}P),d) 

a 

is the free k-module with Poincare series x'^{l + 2x + x"^ + x^ + 2a;^ + x^). 

(4) Take w — {1, 3, 5} and similarly any of its 8 2-simplex w = {ii, 12, 13}, the homology of 
the corresponding simplicial complement is A ' {E^i^^^^^i^yF). The graded vector space 

0ij.,,(r'"(E{,,,,,,3}P),d) 

cr 

has Poincare series x^{l + 3x + 3x^ + x^). 

Thus 

H*{ZK{S^S'),k)= ^ (0ff,,,(r'"(i;„P),d)) 

has Poincare series 

(1 + 3a;^ + 32;*^ + a;^) 
+6a;2(l + a; + 2a;^ + Ix^ + a;^ + x') 
+12a;^(l + 2x + a;^ + a;^ + 2a;^ + x^) 
-\-%x^{\ + 3a; + 3a;^ + x^) 

=1 + 6a;2 + Qx^ + 12a;^ + 36a;^ + 35a;^ + 36a;^ + 54a;^ + 21x^ 
The total Betti number of (6'^ S^) is 216. 
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